Abstract The effect of slip condition on MHD free convective flow of non-Newtonian fluid over a nonlinearly stretching sheet saturated in porous medium with Newtonian heating is analyzed. The governing nonlinear coupled partial differential equations with auxiliary conditions are transformed into the system of coupled ordinary differential equations via similarity transformations and then solved numerically using Keller-box method. The results for skin friction coefficient and the reduced Nusselt number are obtained and compared with previous results in the literature and are found to be in excellent agreement. Results show that the slip parameter reduces the velocity of Casson fluid and enhances the shear stress. It is also observed that slip effect is more pronounced on temperature profile in comparison with velocity profile. It is also seen that velocity and dimensionless temperature are increasing functions of Newtonian heating parameter. Further, temperature gradient is an increasing function of thermal buoyancy parameter and Newtonian heating parameter whereas a decreasing function of porosity parameter and nonlinear stretching sheet parameter.
Introduction
The study of non-Newtonian fluids has gained considerable attention in the last few years because of its widespread applications in engineering and industry. Several fluids exist including drilling mud, polymer solutions, paints, ketchup and shampoo and so on, which do not obey Newton's law of viscosity which shows the nonlinear relationship between stress and rate of strain of these fluids. The complex nature of non-Newtonian fluids presents a challenge to engineers, physicists and mathematicians. Several models have been proposed for the study of non-Newtonian fluids in the literature. It is also claimed that no single model exists which exhibits all properties of non-Newtonian fluids. The Maxwell model, which is efficient to predict stress relaxation, is considered as simplest viscoelastic model among them. The most common model used in existing literature is power law model which has tendency to demonstrate both shear thinning and shear thickening behavior of non-Newtonian fluids. There is another non-Newtonian fluid known as Casson fluid (Das and Batra, 1993) which exhibits yield stress. If the applied shear stress is less than yield stress then behavior of fluid is like solid, whereas it starts moving, if applied shear stress is greater than yield stress. Some common examples of Casson fluid are jelly, blood, honey, tomato sauce, concentration juices etc. In literature, the Casson model is regarded as one of the best rheological model for the analysis of boundary layer flows (Dash et al., 1996; Butt et al., 2013; Nadeem et al., 2014a; Animasaun et al., 2015) .
The problems of non-Newtonian fluids over stretching surfaces have several industrial applications, and have attracted the attention of many researchers during the last few decades. The flow caused by stretching sheet whose velocity is linearly proportional to a fixed origin was first investigated by Crane (1970) . Later on, several researchers have extended this work by considering different effects, see for example, (Gupta and Gupta, 1997; Gorla and Sidawi, 1997; Sharidan et al., 2006; Khan and Pop, 2010; Bhattacharyya, 2013; Tufail et al., 2014) , and the references therein. Most of the studies mentioned in these references are focused on linearly stretching sheet. However, the velocity of stretching sheet is not required to be linear (Gupta and Gupta, 1997) . Keeping this in mind Kumaran and Ramanaiah (1996) successfully studied the boundary layer flow over a stretching sheet where quadratic velocity of sheet is considered. Nadeem et al. (2012) and Sharada and Shankar (2012) studied boundary layer flow of Casson fluid over exponentially stretching sheet. Motivated by this, Vajravelu (2001) and Vajravelu and Cannon (2006) considered the nonlinear velocity of stretching sheet in the study of boundary layer flow. They observed that large values of nonlinearly stretching parameter have no significant effects on velocity of fluid. Cortell (2007) investigated heat transfer effects on incompressible boundary layer flow over nonlinearly stretching sheet numerically. Mukhopadhyay (2013a) discussed heat transfer flow of Casson fluid over nonlinearly stretching sheet. The numerical solutions are carried out by shooting method. She concluded that skin friction and temperature gradient are increasing functions of Casson fluid parameter. Recently, Mustafa and Khan (2015) investigated magnetic field effects on Casson nanofluid over nonlinearly stretching sheet.
In recent years, MHD boundary layer flows through porous medium has gained attention of many researchers. It is because that in electrically conducting fluid flows; applied magnetic field influenced heat generation/absorption and in result controlled the desired characteristics of final product. Several researchers have considered the stretching sheet problems embedded in porous medium under the influence of magnetic field for various types of non-Newtonian fluids. Cortell (2006) analyzed MHD flow of second grade fluid flow over stretching sheet embedded in porous medium with chemical reaction. The two dimensional boundary layers flow through porous medium over vertical stretching sheet under the influence of magnetic field is discussed by Hayat et al. (2010) . The steady state electrically conducting flow of Casson fluid over a stretching sheet in a porous medium is reported by Shawky (2012) . In the subsequent year, Nadeem et al. (2013) explored three dimensional electrically conducting boundary layer flow of Casson fluid over stretching sheet saturated in a porous medium. Jat et al. (2014) analyzed MHD boundary layer flow of viscous fluid past nonlinearly stretching sheet embedded in porous medium. They observed that velocity decreases with increasing porosity parameter which results in increasing the magnitude of skin friction coefficient. An interesting study on stagnation point flow on porous shrinking sheet under the influence of magnetic field has been carried out by Akbar et al. (2014a,b) . Recently, Khalid et al. (2015) investigated the effects of magnetic field on free convection flow of Casson fluid over oscillating plate embedded in porous medium.
On the other hand, slip condition has significant applications in various industries and is very efficient in manufacturing process. It is a common belief that heat transfer can be increased by adding velocity slip at the boundary. Beavers and Joseph (1967) were the first who used partial slip to the fluid past permeable wall. The addition of velocity slip at wall also plays a vital role for flow in micro devices (Gad-el-hak, 1999) . For this reason, researchers have paid considerable attention to include the slip condition at wall rather than no slip condition. Hayat et al. (2008 Hayat et al. ( , 2011 investigated the slip effects on boundary layer flow over non-permeable and permeable stretching sheet, respectively. Mukhopadhyay (2013b) studied the effects of slip on viscous fluid over nonlinearly stretching sheet. The problem is solved numerically and it is found that shear stress is an increasing function of slip parameter. Poornima et al. (2014) considered the velocity slip at wall for Casson fluid over a porous stretching surface. They found that slip parameter decreases fluid velocity and enhances shear stress at the wall. The mechanism of slip condition on stagnation point flow of Casson fluid has been reported by Hayat et al. (2015a) . Very recently, Nadeem et al. (2015) explored the combined effects of partial slip and magnetic field on stagnation point flow of Casson fluid over stretching surface. They concluded that slip parameter reduces the velocity of fluid in the boundary region.
Recently, many researchers have paid attention to Newtonian heating instead of constant surface temperature because in many physical situations constant temperature assumption at surface fails to work. Newtonian heating is defined as the process in which internal resistance is negligible as compared to surface resistance. The applications of Newtonian heating include heat exchanger, conjugate heat transfer around fins, petroleum industry, solar radiation etc. Merkin (1994) was the first who studied four types of temperature distributions at wall and Newtonian heating was one among the others. Salleh et al. (2010) investigated heat transfer effects on boundary layer flow over stretching sheet with Newtonian heating. Motivated by this, Haq et al. (2014) and Nadeem et al. (2014b) explored two and three dimensional boundary layer flow of Casson nanofluid over stretching sheet under the influence of magnetic field and convective boundary condition, respectively. They concluded that convective heat parameter enhances temperature of the fluid. The steady incompressible flow of power law nanofluid past stretching sheet with Newtonian heating was studied by Hayat et al. (2015b) .
From the above discussion, it is very much clear that Newtonian heating effects on Casson fluid over nonlinearly stretching sheet embedded in porous medium has not been reported yet. In the present study an attempt is made to investigate combined effects of slip condition and Newtonian heating on MHD free convectional flow of Casson fluid over a nonlinearly stretching sheet in saturated porous medium. The governing coupled nonlinear partial differential equations are converted to nonlinear coupled ordinary differential equations using suitable transformations. The system of equations is solved numerically by using Keller box method (Cebeci and Bradshaw, 1984) . Numerical calculations are carried out for physical parameters up to desired level of accuracy. The results for shear stress and temperature gradient at wall are also calculated carefully as applications of both are very important in engineering and industry. It is hoped that findings from the present study will be useful in many technological and manufacturing processes.
Mathematical formulation
Consider steady two dimensional and incompressible free convectional flow of Casson fluid over a nonlinearly stretching sheet saturated in a porous medium under the influence of magnetic field. Further, the slip and Newtonian heating effects are also taken into account. The sheet is stretched in a nonlinear way along the x-axis with the velocity of u w (x) = cx n and y-direction is taken for fluid flow with the origin fixed (see Fig. 1 ). Here c is constant and nðn P 0Þ is the nonlinear stretching sheet parameter, n = 1 represents the linear sheet case and n -1 is for nonlinear case. A non-uniform transverse magnetic field of strength B 0 is applied normal to the sheet. The ambient fluid temperature is denoted by T 1 . The induced magnetic field is neglected due to the small magnetic Reynolds number. Under these assumptions the rheological equation for incompressible flow of Casson fluid is given by (see Bhattacharyya, 2013; Sharada and Shankar, 2015) .
Here, p = e ij e ij and e ij is the ði; jÞ-th component of the deformation rate, p is the product of the component of deformation rate with itself, p c is a critical value of this product based on the non-Newtonian model, l B is the plastic dynamic viscosity of the non-Newtonian fluid, and p y is the yield stress of the fluid.
The governing equations of continuity, momentum and energy are given by
In the above equations u and t denote the velocity component in x-and y-directions respectively, q is the fluid density, m is kinematic viscosity, b is the Casson fluid parameter, r is the electrically conductivity of the fluid,
is the magnetic field with constant magnetic strength B 0 , / is the porosity, k is the permeability of porous medium, g is the gravitational acceleration, b T is the volumetric coefficient of thermal expansion, T is the fluid temperature, a is the thermal diffusivity of the Casson fluid.
The corresponding boundary conditions for the problem can be written as follows:
Here N 1 ðxÞ ¼ Nx
2 denotes velocity of slip factor depends on x and h s ¼ h 0 cx nÀ1 2 represents the heat transfer parameter for Newtonian heating.
We introduce the following similarity transformations:
where the stream function w is defined by the following relations
The above expression also satisfies the continuity Eq. (1). From Eqs. (2)- (7), one arrives at the following non-dimensional systems:
Figure 1 Sketch of physical problem and coordinate system.
The corresponding transformed boundary conditions are: 
The parameters with physical interest are the skin friction coefficient Cf x and Nusselt number Nu x and are defined as follows
where s w and q w are the wall skin friction and heat flux, defined by:
Using Eq. (6) in Eq. (13), we get the following non-dimensional skin friction coefficient and local Nusselt number
Numerical scheme
The nonlinear ordinary differential equations shown in Eqs. (11) and (12) subject to boundary conditions (13) and (14) are solved numerically using implicit finite difference scheme known as the Keller box method. This method is unconditionally stable and more accurate for parabolic problems. It is also found that this method is very suitable in solving large number of nonlinear coupled equations. This method is described in details in the book of Cebeci and Bradshaw (1984) . The following four steps are involved while working with this method.
i. The nonlinear governing equations are reduced to first order system. ii. The resulting first order system is reduced to a set of algebraic equations with the help of central difference scheme. iii. Newton's method is employed to linearize the obtained algebraic equations and then arrange in matrix form. iv. Finally, block-elimination method is used to solve the linear system of equations.
In this study a step size Dg = 0.01 is used and iterations are repeated until the convergence criteria 10 À4 satisfied.
Results and discussion
The non-linear system of equations given in Eqs. (8) 
increases with the increase in n whereas reduced Nusselt number decreases with the increase in n and increases with increase in Pr (see Table 2 ). Table 3 shows the comparison of the present results for reduced Nusselt number with various values of Pr with the results of Wang (1989) , Gorla and Sidawi (1994) and Khan and Pop (2010) . It is found that the rate of heat transfer coefficient increases as Pr increases. Table 4 demonstrates the numerical results of wall shear stress and rate of heat transfer of the present study for various values of parameters involved.
Figs. 2-8 are plotted to study dimensionless velocity profile for various effects of b, n, M, K, k, d and c. It is observed from Fig. 2 that velocity decreases with the increase in b in the absence and presence of M. Physically, with increase in b the fluid become more viscous and in result the fluid velocity reduces. Also, the momentum boundary layer thickness decreases as b increases. Further, as b ? 1 the present phenomenon reduces to Newtonian fluid. Fig. 3 demonstrates the influence of n on velocity profile. Also n = 0 represents the flat plate case, n = 1 represent linear stretching sheet case and n -1 presents the nonlinear stretching sheet case. It is found that increasing values of n decreases the velocity in the boundary layer. The effect of M is illustrated in Fig. 4 . It is seen that fluid velocity reduces as M increases, as expected. It is due to the fact that drag force, also known as Lorentz force is produced when magnetic field is applied to the fluid. This force has the tendency to slow down the velocity of fluid in the boundary layer. The decreasing pattern of velocity field clearly shows that transverse magnetic field opposes the transport phenomenon. Fig. 5 demonstrates the variation of K on velocity profile. It is found that increasing values of K reduces the fluid velocity in the boundary layer. Physically, the permeability increases resistance of the porous medium which tends to reduce the fluid velocity. On the other hand, velocity of fluid enhances with the increase in k (Fig. 6 ). The explanation for this phenomenon is that thermal buoyancy parameter is defined as the ratio of buoyancy to viscous forces in the boundary-layer, therefore an increase in its values reduces the viscosity of the fluid and in result increases the flow velocity. Fig. 7 shows the variation of d on velocity profile in the absence and presence of M. It is found that velocity is a decreasing function of d. The reduction in momentum boundary layer thickness is also observed. It is because the momentum provided by stretching sheet is partly transmitted to the Casson fluid under the velocity-slip boundary condition. The opposite nature of velocity is noticed for the effect of c as shown in Fig. 8 . Figs. 9 -16 are depicted to analyze various effects of b, n, M, K, k, Pr, d and c on temperature profiles, respectively. From Fig. 9 , it is noted that the dimensionless temperature increases with the increase in b. Also K = 0 corresponds to non-porous medium and K -0 corresponds to porous medium. Further, a rapid increase in temperature is seen for increasing values of b Table 4 Numerical results for skin friction coefficient and reduced Nusselt number for different values of b, n, M, K, k, Pr, d and c. in porous medium as compared to non-porous medium. An opposite trend is observed for dimensionless temperature for increasing values of n (see Fig. 10 ). The variation of M on dimensionless temperature is plotted in Fig. 11 . It is noticed that increasing M causes an increase in dimensionless temperature and thermal boundary layer thickness. A similar behavior of fluid temperature is observed for the effect of K (see Fig. 12 ), but the increase in temperature for M is more pronounced as compared to K. Fig. 13 illustrates the effect of k on dimensionless temperature. It is to be mentioned that K = 0 represents non-porous medium and K -0 corresponds to porous medium case. It is noticed that temperature reduces as k increases. It is very well agreed with the fact that buoyancy force increases the fluid velocity which in turn causes the temperature of the fluid to decrease. It is also observed that temperature increases more rapidly in porous medium as compared to non-porous medium. The increase in thermal boundary layer thickness is also noted. Fig. 14 shows the behavior of temperature profile for increasing values of Pr.
As expected, the increasing values of Pr decreases the fluid temperature as well as thermal boundary layer thickness. It is also observed that higher values of Pr decrease the fluid temperature significantly and boundary layer squeezed closer to the wall. The explanation of this phenomenon is that the Prandtl number is define as the ratio of momentum diffusion to thermal Effects of slip condition and Newtonian heatingdiffusion, therefore increasing Pr leads to a decrease in thermal diffusion and results in thinning boundary layer. An opposite trend is noticed for the variation of d on dimensionless temperature profile (see Fig. 15 ). The variation of c on dimensionless temperature is plotted in Fig. 16 . It is evident that temperature is an increasing function of c. As c ? 1, the Newtonian heating condition becomes prescribed wall temperature case. It is also noticed that fluid temperature tends to zero at c = 0. In order to analyze local skin friction coefficient and reduced Nusselt number for various parameters, Figs. 17-21 are depicted. From Fig. 17 , it is noticed that skin friction coefficient reduces with an increase in K whereas increases as b and k increase. The negative values of skin friction coefficient show that the surface exhibits a drag force on the fluid and positive implies the lift force. Fig. 18 illustrates the variation of skin friction coefficient for various values of n, d and M. It is found that increasing values of d enhance shear stress. Physically, it happens because with the increase in d, the fluid velocity decreases and as a result shear stress increases at wall. When slip phenomenon occurs, the stretching sheet exerts a force that can be transferred to the fluid partially. On the other hand, skin friction coefficient decreases with the increase in n and M. increase in n. Here k ¼ 0 represents no convection and k > 0 corresponds to favorable pressure gradient case. Physically k > 0 indicates that heat is transferred from the surface of stretching sheet to the ambient fluid. In other words, we can say that free convection parameter can be used effectively for the fast cooling of the sheet. Fig. 21 reveals the effects of d, c and K on rate of heat transfer. It is noticed that the rate of heat transfer is higher for increasing values of c whereas the rate of heat transfer falls as d and K increase.
Conclusions
The present study investigates the numerical solution of MHD free convection flow of Casson fluid over nonlinearly stretching sheet in the presence of velocity slip and Newtonian heating. The non-linear governing partial differential equations are transformed using suitable transformations and solved numerically by finite difference scheme. Physically, the effect of Casson parameter b, magnetic parameter M, nonlinear stretching sheet parameter n, porosity parameter n, thermal buoyancy parameter k, Prandtl number Pr, slip parameter d and Newtonian heating parameter c is studied in detail and the results are discussed graphically. The main findings of this study can be summarized as follows: 
